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Setting

Treatment group

External Controls

Hybrid-control arm

➢ Randomized Control Trial (RCT) where a novel treatment is tested 
versus placebo or standard of care

➢ Normally distributed control and treatment data, with unknown 
means 𝜽𝑪 and 𝜽𝑻, and  known common standard error 𝒔.

➢ 200 patients are allocated with 3:1 allocation ratio (T vs C)

➢   A Bayesian decision rule is used  ℙ(𝜃𝑇 − 𝜃𝐶 > 0) > 0.95 

➢ No prior information is available for treatment arm so that a vague 
normal prior is used for 𝜃𝑇

➢ External control information is available are used to construct an 
informative prior distribution  𝜃𝐶

𝐼 ∼ 𝑁(𝜇𝐼, 𝜎𝐼
2)

Concurrent Controls



Robust Mixture Priors (RMP)

𝑓𝜃𝐶
(∙) =  𝜔𝑓𝜃𝐶

𝐼 (∙) + (1 − 𝜔) 𝑓𝜃𝐶

𝑟𝑜𝑏(∙)

𝑓𝜃𝐶
∙ 𝑋𝐶) =  ෥𝜔𝑓𝜃𝐶

𝐼 ∙ 𝑋𝐶) + (1 − ෥𝜔) 𝑓𝜃𝐶

𝑟𝑜𝑏(∙ |𝑋𝐶)

• 𝜃𝐶: unknown control parameter (i.e. effect on control)
• 𝑓𝜃𝐶

𝐼 : informative distribution for 𝜃𝐶,  following a 𝑁(𝜇𝐼 , 𝜎𝐼
2)

• 𝑓𝜃𝐶

𝑟𝑜𝑏: vague distribution for 𝜃𝐶, following a 𝑁(𝜇𝑟𝑜𝑏, 𝜎𝑟𝑜𝑏
2 ), called robust component

• 𝜔: prior mixture weight, reflecting the amount of borrowing, between 0 and 1
• ෥𝜔 is the posterior mixture weight reflecting the posterior amount of borrowing, between 0 and 1
• 𝑋𝐶  ~ 𝑁(𝜃𝐶 , 𝜎𝐶

2) is the observed control response  

Robust Mixture Prior (RMP)

Posterior Mixture

DATA ARE 
COLLECTED

The similarity between concurrent data 𝑋𝐶  and the informative component of the RMP is represented by 
the so called drift or prior-data conflict

𝐷 = 𝑋𝐶  - 𝜇𝐼



Specification of the robust component 

𝜃𝑟𝑜𝑏 ~ 𝑁(𝜇𝑟𝑜𝑏 , 𝜎𝑟𝑜𝑏
2 )

➢ The variance of the robust component is commonly set so that its effective sample size (ESS) is 
equal to 1 (equivalent to the observation of a single patient). This choice is called unit-information 
prior (UIP)4 .

➢ Different definition of ESS are available in literature, e.g. the one of Morita et al.1 and the one of 
Neuenschwander et al2. In case of normal conjugate analysis both are equal to 𝐸𝑆𝑆𝑟𝑜𝑏 = 𝑠2/ 𝜎𝑟𝑜𝑏

2 .

➢ There is no general consensus regarding the choice of the  location of the robust component 𝜇𝑟𝑜𝑏. 
Possible options are:

• Setting 𝜇𝑟𝑜𝑏 = 𝜇𝐼

• Setting 𝜇𝑟𝑜𝑏 = 𝑥𝐶  (data-dependent)



Mixture weight update

Mixture weights are updated dynamically depending on the observed drift 𝑑

෥𝜔 =
𝜔ℎ𝑋𝐶

𝐼 (𝑑)

𝜔ℎ𝑋𝐶
𝐼 𝑑 +(1−𝜔)ℎ𝑋𝐶

𝑟𝑜𝑏(𝑑)
 

ℎ𝑋𝐶

𝐼 (∙) and ℎ𝑋𝐶

𝑟𝑜𝑏(∙) are respectively the prior predictive distribution related to the informative and the 
robust component of the RMP, reflecting the expected probability distribution of the data if the 
underlying parameter followed the prior distributions.

෩Ω =  Ω ×
ℎ𝑋𝐶

𝐼 (𝑑)

ℎ𝑋𝐶

𝑟𝑜𝑏(𝑑)

෩Ω ∶=
෥𝜔

1 − ෥𝜔

Ω ≔
𝜔

1 − 𝜔

➢ If 𝑑 is small → The posterior weight ෥𝝎 is high and the informative component is 
more influent in the posterior distribution

➢ If 𝑑 is large → The posterior weight ෥𝝎 is low and the informative component is 
less influent in the posterior distribution

DYNAMIC BORROWING:



Issues related to the current use of n-RMPs

• When the variance of the robust component is too large, the posterior weight tends to 1 for any 
level of drift 𝐷 (Lindley’s paradox)

 This happens because the prior predictive density of the robust component will tend to 0 
for any level of drift (improper distribution), thus the ratio will tend to +∞ 

• When the variance of the robust component is not too large (e.g. in UIP), there is an asymptotic 
inflation of the type I error for large values of D (theoretically 𝛼 → 1) 

 This happens because when the drift is large, i.e. the posterior weights tend to 0, the 
inference is fully driven by the robust component, which becomes informative 

• When the variance of the robust component is not too large (e.g. in UIP), the choice of the location 
of the robust component 𝝁𝒓𝒐𝒃 impacts on the posterior inference.

 
 The posterior distribution for 𝜃𝐶  is shrinked towards the mean of the robust component (via 

the standard Bayesian update rule)



Lindley’s paradox

When the variance of the robust component is too large, the posterior weight tends to 1 for any level 
of drift, meaning that there is no dynamic borrowing.

𝝎 = 𝟎. 𝟓 in all curves!



Asymptotic type I error inflation

When using UIP, there is an asymptotic inflation of the type I error for 
large values of D (theoretically 𝛼 → 1)

Large drift

Posterior weight goes to 0

Inference is driven by the 
robust component

Underestimation of 
control parameter

Overestimation of the treatment 
difference parameter

Type I error inflation

Bias induced 
by UIP



Impact of 𝝁𝒓𝒐𝒃 

When using UIP as robust component of the 
RMP, the choice of 𝜇𝑟𝑜𝑏 impacts the operating 
characteristics of the trial

This is a problem for two reasons:
• It introduces subjectivity
• The robust component is for making the 

tails bigger, so 𝝁𝒓𝒐𝒃 should not impact the 
posterior inference

𝝎 = 𝟎. 𝟓 in all curves!



Odds Update in n-RMPs

ℎ𝑋𝐶

𝑟𝑜𝑏 𝑑 =
1

2𝜋(𝜎𝑟𝑜𝑏
2 +  𝜎𝐶

2)

 𝑒
−

𝑑+𝜇𝐼−𝜇𝑟𝑜𝑏
2

2(𝜎𝑟𝑜𝑏
2 + 𝜎𝐶

2) ℎ𝑋𝐶

𝐼 𝑑 =
1

2𝜋(𝜎𝐼
2 +  𝜎𝐶

2)

 𝑒
−

𝑑2

2(𝜎𝐼
2+ 𝜎𝐶

2)

In the normal case the predictive prior densities takes the following form: 

And formula for the odds update can be expressed accordingly as:

෩Ω =  Ω ×  𝑅 ×  𝑒

𝑑2

2(𝜎𝐼
2+ 𝜎𝐶

2)
 −

𝑥𝐶−𝜇𝑟𝑜𝑏
2

2𝑅2(𝜎𝐼
2+𝜎𝐶

2) 𝑅2 =
𝜎𝑟𝑜𝑏

2 + 𝜎𝐶
2

𝜎𝐼
2+ 𝜎𝐶

2  >> 0

Vagueness Assumption

This decomposition is convenient because each part of the equation is related to one specific factor:

➢ The green factor is related to the choice of the mixture weight 𝜔 
➢ The blue factor is related to the choice of the variance of the robust component 𝜎𝑟𝑜𝑏

2

➢ The red factor is related to the observed drift 𝑑



Large variance robust components

෩Ω 𝑑 ≈ Ω ×  𝑅 ×  𝑒

𝑑2

2(𝜎𝐼
2+ 𝜎𝐶

2)

If the variance of the robust component 𝜎𝑟𝑜𝑏
2  is large, then the vagueness assumption (𝑅 ≫ 0) is 

satisfied, and the posterior odds can be approximated as:

It follows that:

1) All pairs (𝜔, 𝜎𝑟𝑜𝑏
2 ) leading to the same value of Ω × 𝑅 have the same posterior odds ෩Ω(𝑑) → 

Extremely large values of 𝜎𝑟𝑜𝑏
2  can be used without incurring in Lindley’s paradox if (𝜔, 𝜎𝑟𝑜𝑏

2 ) are 
jointly selected

2) If the variance of the robust component is large enough 𝜎𝑟𝑜𝑏
2 , the posterior odds are 

indepentent on the choice of the location of the robust component 𝜇𝑟𝑜𝑏 → whatever 
convenient value of 𝜇𝑟𝑜𝑏 can be used 

3) The larger the variance of the robust component the lower the bias introduced by the robust 
component in the control parameter estimation → Type I error is asymptotically controlled 
even for extremely large drifts

Depends only on drift!



Overcoming Lindley’s paradox

For all the pairs (𝜔, 𝜎𝑟𝑜𝑏
2 ) leading to the same value of Ω × 𝑅, the posterior weights ෥𝜔 as a function 

of the observed mean control response 𝑥𝑐 exhibit the same profile 

෥𝜔

Ω × 𝑅 = 5.83 Ω × 𝑅 = 13.60

෥𝜔



Frequentist operating characteristics

BORROWING 
ZONE

NO BORROWING 
ZONE

NO 
BORROWING 

ZONE



Robustness to the specification of 𝝁𝒓𝒐𝒃

The lower the ESS of the robust component of the RMP, the lower the impact of the location of the robust 
component 𝜇𝑟𝑜𝑏 in the posterior inference

All these pairs have the same Ω ×  𝑅 



Take-home messages

➢ The operating characteristics of the normal RMPs depend on the joint selection of the prior 
weight 𝜔 and the variance of the robust component 𝜎𝑟𝑜𝑏

2

➢ Infinite many pairs (𝜔, 𝜎𝑟𝑜𝑏
2 ) yield to very similar inference in the borrowing region of the 

parameter space with minor to moderate prior-data conflict

➢ There exists a combination of parameters Ω ×  𝑅 which drives the borrowing profile of the RMP

➢ Using RMPs with large variance robust components is convenient because:
• It effectively prevents from Lindley’s paradox
• It prevents from asymptotic type I error inflation 
• It makes the impact of the choice of the location of the robust component practically null
 



Extensions

➢ The same theory can be extended to the Beta-binomial case, where the RMP is a mixture of two 
Beta distributions, however:
• The location is not an issue, because the non informativeness is obtained by letting the two 

parameters of the Beta distribution be equal
• There is no asymptotic inflation of type I error because the domain of the probability 

parameter is naturally bounded

➢ The same theory can be extended with minor adjustments to the case where the informative 
component of the RMP is a mixture itself. 
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